We give some oscillation criteria for linear iterative functional equations. We compare obtained theorems with known results. We give applications to discrete equations too.
By a solution of (1), we mean a function x : I → R such that sup{|x(s)| : s ∈ I t0 = [t 0 ,∞) ∩ I} > 0 for any t 0 ∈ R + and x satisfies I in (1) .
A solution x of (1) is called oscillatory if there exists a sequence of points {t n } ∞ n=1 , t n ∈ I, such that lim n→∞ t n = ∞ and x(t n )x(t n+1 ) ≤ 0 for n = 1,2,.... Otherwise it is called nonoscillatory.
The purpose of this paper is to obtain new oscillation criteria for (1) . The analogous problem has been considered in [1, 7, 9] .
In this paper, we will use the following lemma.
Lemma 1 [9] . Consider the functional inequalities
x g s (t) ≥ p(t)x g s−1 (t) + q(t)x g m+1 (t) ,
x g s (t) ≤ p(t)x g s−1 (t) + q(t)x g m+1 (t) , ( 5 ) where m ≥ 1, s ∈ {1, ...,m}, p, q : I → R + , and g satisfies condition (3) . If
then the functional inequality (4) (resp., (5) ) does not have positive (resp., negative) solutions for large t ∈ I.
It is easy to notice that the existence of oscillatory solutions of (1) is connected with the sign of the functions Q i (i = 0,1,...,m + 1) on I. That either Q i (t) > 0 or Q i (t) < 0, for i = 0,1,...,m + 1 and t ∈ I, implies that every solution of (1) oscillates. So, similarly as in our previous considerations (see, e.g., [9] ), we will assume that in (1), one of the coefficients of Q i (i = 1,2,...,m) has the sign opposite to that of others, that is, there exists s ∈ {1, ...,m} such that Q s (t) < 0 and Q i (t) > 0, i ∈ {0, 1,...,m + 1} − {s}. So, we further assume that for some s ∈ {1, 2,...,m}, Q s (t) < 0, Q i (t) ≥ 0, i = 0,1,...,s − 1,s + 1,...,m + 1
with
Without loss of generality, we may assume that Q s (t) = −1, t ∈ I. Then (1) takes the form
where s ∈ {1, 2,...,m}, Q i (t) ≥ 0 (i = 0,1,...,s − 1,s + 1,...,m + 1), and Q s−1 (t),Q s+1 (t) > 0 for t ∈ I. As usual, we take r j=k a j = 0 and r j=k a j = 1, where r < k. We start from the following theorem.
Theorem 2. Every solution of (9) is oscillatory if one of the following conditions hold:
where
Proof. Suppose that (9) has a nonoscillatory solution x and let
Thus, from (9) we get
Hence, we have
From above we obtain
Thus,
Similarly from inequality (13) we get
Hence,
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where A and B are given by (12). Thus, in view of condition (10) and Lemma 1, inequality (20) cannot possess positive solutions. We obtain a contradiction. Now we prove the second part of the theorem. From (20) for i ∈ {0, 1,2}, we have
x g s (t) ≥ A(t)x g s−1 (t) .
Using the above inequality in (21) for i = 2, we get
Now applying inequalities (20) and (25) in (21) for i = 1, we have
Dividing both sides of the above inequality by x(g s+1 (t)), we get a contradiction with (11). This completes the proof.
Remark 3. In the particular case when I = N and g(n) = n + 1, from iterative functional equations, we obtain recurrence equations. So, results obtained in this paper can be applied to recurrence equations, too. For example, condition (10) applied to the secondorder linear difference equation of the form
where n ∈ N, b,c : N → (0,∞), gives the result obtained by Hooker and Patula in [4, Theorem 5 ]. However, condition (11) applied to (28) improves the result presented in [3, Theorem 2.3]. Namely, this theorem has the following form: if for some sequence n k → ∞,
then every solution of (28) is oscillatory. On the other hand, condition (11) applied to (28) has the form
If we consider (9) with s = 1, I = N, and g(n) = n + 1, then from Theorem 2, we obtain conditions of [8, Theorems 5 and 6].
Now we give another condition for the oscillation of all solutions of (9). It can be applied when Theorem 2 is not satisfied.
where A and B are as previously given. Then all solutions of (9) are oscillatory.
Proof. Let x(t) > 0, for t ∈ I t1 , t 1 ≥ 0, be a nonoscillatory solution of (9). Then, as in the proof of Theorem 2 for t ∈ I t2 , t 2 ≥ t 1 , inequalities (16) and (19) hold. So, inequality (20) is also true. Thus, for sufficiently large t, inequalities (21) and (26) are also satisfied. From (21) for i = 0, we have
Using assumption (31) in the above inequality, we obtain
The last inequality gives
Now applying the last inequality in (26), we have
Now dividing both sides of the above inequality by x(g s+1 (t)), we obtain
The last inequality contradicts assumption (32). Thus, the theorem is proved.
Remark 5. The theorems given in this paper are analogous to those presented in [9] but conditions given in both papers are independent. For example, from [9, Theorem 1], it follows that every solution of (9) is oscillatory if
In order to show the independence of conditions (10) and (38), we consider the following iterative functional equation:
x(t + 1) + 15t 50
In this equation, m = 3, s = 2, and g(t) = t + 1. Thus, condition (10) takes the form liminf t→∞ Q 0 (t + 1)Q 3 (t − 1) + Q 1 (t + 1) Q 3 (t) + Q 4 (t)Q 1 (t + 2) 
where P(t) = Q 1 (t) + Q 0 (t)Q 3 g −2 (t) , 
Now we consider the iterative functional equation of the form
x(t + 2) = 1 5[t] 2 x(t) + 1 4t
x(t + 1) + 3t 5
x(t + 3) + 3[t] 2 5
x(t + 4), t > 0.
The above-mentioned equation possesses only oscillatory solutions too. For this equation, condition (38) is not true but condition (10) is satisfied.
